The paper addresses the prediction of roll-waves occurrence in mud-flows. The spatial growth of a point-wise disturbance is analytically described, based on the linearized flow model of a Herschel and Bulkley fluid, in the neighborhood of an initial uniform base condition. The theoretical achievements allow to generalize to mud-flows the minimum channel criterion commonly used for the prediction of roll-waves in clear-water. The applicability of the criterion is discussed through the comparison with literature laboratory data concerning unstable flows without rollwaves.
INTRODUCTION
Mud-flows may produce catastrophic effects due to the significant transport of sediment carried by water and to the occurrence of roll-wave and surge trains. Different fluid mechanic models have been proposed for studying these flows, either based on two-phase approaches (Greco et al., 2012; Iverson, 1997; Jackson, 2000; Pitman and Le, 2005) or on a single-phase description of the flow rheology. Within the latter category, which will be considered herein, the literature offers several formulations: linear and non-linear viscoplastic models Garcia, 1997, 1998; Johnson, 1970; Liu and Mei, 1989; O'Brien and Julien, 1988) , dilatant fluid models (Bagnold, 1954; Mainali and Rajaratnam, 1994; Takahashi, 1978) biviscous modified Bingham models (Dent and Lang, 1983) . Viscoplastic models (i.e.: Herschel and Bulkley fluids) are the most widely used to describe the rheology of mud suspensions (Huang and Garcia, 1998; Jiang and LeBlond, 1992; Liu and Mei, 1989) , which usually exhibit a yield stress below which they are almost rigid and above which they can flow. Moreover, because of their high apparent viscosity, natural flows of concentrated suspension are laminar. Different formulations have been presented such as Bingham (Huang and Garcia, 1997) or Herschel and Bulkley (see for instance Balmforth and Liu, 2004; Coussot, 1997; Fernández-Nieto et al., 2010; Huang and Garcia, 1998) models for fluids in which the yield stress is important, conversely its effect is not considered in the powerlaw formulation, more appropriate and convenient for fluids with a shear-thinning behavior (Ng and Mei, 1994) . In this paper, among the available Herschel and Bulkley formulations, i.e. three-equation (Balmforth and Liu, 2004; Di Cristo et al., 2013d; Huang and Garcia, 1998) or two-equation (Ancey, 2001 (Ancey, , 2005 Ancey et al., 2012; Coussot, 1997; Laigle and Coussot, 1997 ) models, the latter, which is more usually adopted in engineering applications, is considered.
Despite the different rheology, the mechanism of spatial development of roll-waves in mud and clear-water flows exhibits strong similarities (Takahashi, 1991) . As the wave develops in the downstream direction, three different phases may be observed. In the first one, roll-waves amplitude exponentially increases in the streamwise direction; in the second phase, waves begin to overtake each other, increasing their period. Finally, in the third phase waves are characterized by steep downstream fronts, and by a further progressive increase of their mean period. From the theoretical point of view and with reference to the first phase, for both newtonian and non-newtonian fluids, the roll waves development has been related to the existence of linearly unstable conditions of depthaveraged one-dimensional models.
As far as the water is concerned, normal mode analysis applied to linearized St. Venant equations, starting form an initial uniform condition, allowed to individuate the limit values of the Froude and Reynolds numbers above which the perturbations may grow (Berlamont, 1976; Berlamont and Vanderstappen, 1981; Brock, 1969; Ponce and Simon, 1977) . However, the overcoming of the marginal stability condition, which for clear-water occurs in supercritical flows, has been shown to be only a necessary condition for the roll-waves occurrence, since a minimum channel length is necessary to allow the growth of the perturbation up to a perceivable level. Indeed, based on the results of spatial linear analysis (Di Cristo and Vacca, 2005; Di Cristo et al., 2012; Julien and Hartley, 1986; Liggett, 1975; Vedernikov, 1946) , criteria for the prediction of roll waves occurrence, known as minimum channel length criteria, have been proposed for water flows in turbulent (Di Cristo et al., 2008 Montuori, 1963) and laminar (Julien and Hartley, 1986) regimes and for dense granular flows (Di Cristo et al., 2009) .
Linear stability analysis, carried out perturbing an uniform base flow, has been also widely applied to mud-flows in the one-dimensional shallow-water framework. With reference to power-law fluids, Ng and Mei (1994) individuated the flow stability conditions of the linearized mass and momentum conservation equations. The results of Ng and Mei (1994) have been generalized accounting for a surface tension (Hwang et al., 1994) , considering a porous bottom (Di Cristo et al., 2013c; Pascal, 2006) and including a superficial shear stress effect (Pascal and D'Alessio, 2007) . In presence of yield stress and with reference to the two-equation model, linear stability conditions have been found by Trowbridge (1987) for Bingham fluids and by Coussot (1994) for Herschel and Bulkley fluids. The wave dynamics of a Herschel and Bulkley fluid in both stable and unstable condition has been investigated by Di Cristo et al. (2013a,b) , proving the convective character of the instability which ensures that an initial disturbance, localized in space, does not spread in both downstream and upstream directions (absolute instability) but it is swept away from the source along a preferential direction (Huerre and Monkewitz, 1990) . However, similarly to the clear-water case, experimental evidences (Coussot, 1994; Zanuttigh and Lamberti, 2007) showed that, even in linearly unstable conditions, roll-waves may not appear. Coussot (1994) ascribed this inconsistency between theory and experiments to the potential role of the limited channel length, as observed for Newtonian laminar flows (Julien and Hartley, 1986) .
The objective of the presented analysis is to apply the minimum channel length criterion for the prediction of the rollwaves to the case of mud-flows, and to verify if it can explain the observed discrepancy between the linear analysis results and the experimental observations. In particular, in the paper, generalizing the results for clear-water, the expression of the spatial growth rate of a pointwise instantaneous disturbance, superposed to an Herschel and Bulkley fluid uniform flow, is deduced. Then, on the basis of such a theoretical achievement the minimum channel length criterion for the prediction of rollwaves is applied.
GOVERNING EQUATIONS
Let us consider a homogeneous medium flowing over a fixed bed without lateral inflow or outflow. The density of the flowing material and the bed slope are assumed to be constant. In what follows the curvature effects have been neglected (Di Nucci et al., 2007 , 2011 . Moreover, supposing that: -spatial variations occur over scales larger than flow depth; -flow resistance by the sidewalls is negligible with respect to that by bottom; -momentum correction factor is equal to unity; -surface tension is negligible; the dimensional depth-averaged momentum and mass conservation equations are (Ancey et al., 2012 )
where  x is the streamwise coordinate,  t is the time, g and ρ are the gravity and the fluid density, respectively,  h is the flow depth, θ is the bed inclination angle with respect to the horizontal plane,  τ b is the shear stress at the bottom,  u is the depth-averaged velocity:
where Ũ denotes the local velocity.
For the Herschel and Bulkley flow model, the shear stress at the bottom (  τ b ) is expressed by the following relation (Ancey et al., 2012) :
where  τ c is the yield stress; n is the rheological index, ranging between 0 and 1 for a shear-thinning fluid (Bird et al., 1983) ; µ n is the viscosity coefficient, named also consistency. The special limit of n = 1 corresponds to a Newtonian fluid and µ 1 =µ becomes the ordinary dynamic viscosity. In uniform flow condition ( Fig. 1) , denoted by the subscript 0, the following relation holds:
with  τ 0 = ρg  h 0 sinθ the bottom shear stress. As shown in Fig. 1, the flow is divided into two regions by a yield interface: the plug layer, where the local velocity  U 0 is constant, and the yield layer, where the shear stress exceeds the yield stress. Introducing the following dimensionless quantities:
and accounting for (5), (1)- (2) and (4) can be rewritten in the following dimensionless form:
with:
χ = τ c / τ 0 is the yield parameter always less then unity, since for Herschel and Bulkley fluid no flow occurs unless τ 0 > τ c . In 
DISTURBANCE SPATIAL GROWTH
The hyperbolic character of the system (7)- (8), along with the convective character of the instability (Di Cristo et al., 2013a), suggest to characterize the spatial evolution of a perturbation through the study of the time-asymptotic solution of the linearized version of system (7)- (8), under the action of an impulsive pointwise disturbance. Following a procedure similar to that used by Liggett (1975) for the St. Venant equations, assuming an unbounded domain and considering as initial condition an uniform one, we rewrite the system (7)-(8) in the variables: 
and approximating the right hand side of (7) as:
the following linear system is deduced:
At order of η the system (15)- (16) leads to the following differential equation:
where
The solution of the differential Eq. (17), in the initial development phase, can be approximated as (Liggett, 1975) :
being κ an integration constant.
With reference to (9), it is easy to verify that the following relations hold:
∂ ∂h
where the expressions of the positive functions f 2 n, χ ( ) and
Accounting for (20)- (23) and defining 1/F r* = f 3 (n,χ)/ f 2 (n,χ) -1, the γ coefficient can be alternatively rewritten as:
Thus, Eq. (19) expresses the exponential growth of the flow depth perturbation along ξ, provided that γ > 0, which according to Eq. (24) is equivalent to F r > F r* . It is easy to verify that F r* represents the marginal stability limit deduced by Coussot (1994) , owing to the convective character of the instability (Di Cristo et al., 2013a). Finally it is worth of note that for shear-thinning fluids the marginal stability condition occurs always in hypocritical condition of flow, i.e. F r* < 1. The dependence of the spatial growth rate on the Reynolds and Froude numbers can easily be deduced from Eq. (24), i.e. γ decreases with Re and attains a local minimum at F r = F r* + 1 − 1 , while the influence of the rheological parameters is not so evident. For a fixed value of Reynolds number (Re = 10), Figs. 2 and 3 show the spatial growth rate as a function of the Froude number for n = 1/3 and different χ values and for χ = 0.5 and different n values, respectively.
Negative spatial growth-rates correspond to stable conditions (F r < F r* ), while positive ones witness the occurrence of unstability (F r > F r* ).
For sake of definiteness, in Table 1 the F r* values, for each of the considered cases, are reported. Figs. 2 and 3 show that while an increase of dimensionless yield stress induces larger values of γ, the dependence of the spatial growth-rate on the rheological exponent n is not monotone. 
MINIMUM CHANNEL LENGTH CRITERION FOR MUD-FLOWS
The expression of the spatial growth rate deduced in the previous section is used to formulate a minimum channel length criterion for mud-flows. This criterion is successively applied to analyze the unstable flows without roll-waves experimentally observed by Coussot (1994) . Referring to a wide rectangular channel of length L, the minimum channel length criterion for clear-water relies on the comparison between the dimensionless channel length (Montuori number):
with S = sinθ the bed slope and the following limiting value:
where γ is the spatial growth-rate factor of an impulsive pointwise disturbance to the linearized St. Venant equations. According to this criterion, roll-waves appear whenever M > M min . The value of the dimensionless coefficient ε was estimated by best-fitting available field and laboratory data of water flows in both laminar and turbulent conditions (Julien and Hartley, 1986; Liggett, 1975; Montuori, 1963) . The above criterion is herein applied to the mud-flow laboratory experiments carried out by Coussot (1994) in a 8m long and 0.6m wide rectangular channel. To comply with our hypothesis of wide channel, only the experiments with depthto-width ratio  h 0 / B < 1/ 10 have been selected, leading to a data-set of 55 tests: 33 with roll-waves, 22 without roll-waves. Table 2 (a,b) reports the flow conditions (S = bed slope, Q = flow rate) and the fluid characteristics (µ n = consistency,  τ c = yield stress, C v = solid volumetric concentration) of the selected tests. As suggested by Coussot (1994) , the rheological exponent is assumed for all tests as n = 1/3, while the value of the depth  h 0 has been estimated considering uniform flow conditions in an infinitely wide channel.
In Table 3 (a,b) the computed values of the governing dimensionless parameters (χ, Re, F r , F r* ) are reported for the considered experiments, along with the Montuori number (M), the corresponding theoretical limiting value (M min ) and their ratio. For the considered tests the linear stability analysis predicts instability, being F r > F r* in all cases. The limiting Montuori number has been evaluated through Eq. (26) with the spatial growth-rate factor expressed by Eq. (24). The value of the dimensionless coefficient ε = 3.5 has been chosen as the lowest for which Eq. (26) predicts roll-waves occurrence in all the tests in which they were observed (Table 3a) . According to the minimum channel length criterion, roll-waves in unstable conditions of flow are not expected if the channel length is lower than the minimum value, i.e. M < M min . Table 3b shows that the minimum channel length criterion supports very partially the experimental evidences, since it explains only the 9% of the unstable flows observed without roll-waves. In order to verify whether such a result may be attributed to rheometrical uncertainties, we have reworked the experimental data accounting for the potential sources of error in flow curve determination, which, according to Coussot (1994) , may lead to a maximum relative error of 20% of the computed shear stress. Even accounting for this aspect the performance of the criterion improves only up to a maximum of 20%. It may be therefore concluded that rheometrical uncertainties cannot be considered as responsable of the unsatisfactory result.
On the other hand, Tables 3a,b indicate that all experimental data refer to subcritical conditions for which the downstream boundary condition may determine a non-negligible influence either on the initial condition, which may differ from the uniform one, or on reflection of the wave at the end of the channel, which in the present theroretical model is completely neglected. Therefore it may be argued that, differentlty from the clear-water case, a minimum channel criterion which does not fully account for the downstream boundary condition may not straightfowardly be applied to mud-flows.
CONCLUSIONS
The present paper dealt with the prediction of roll-waves occurrence in mud-flows. The spatial growth of a point-wise disturbance predicted by the linearized flow model of a Herschel and Bulkley fluid has been analyzed, in the neighborhood of a base initial uniform condition. The resulting growth-factor has been used to extend to mud-flows the minimum channel length criterion used for the prediction of roll-waves in clear-water flows. The comparison of the theoretical predictions with available experimental evidences has shown that the minimum channel length can allow only to partially justify the absence of roll-waves in unstable hypocritical conditions of flow in a Herschel and Bulkley fluid. This result suggests that, while in clear-water flows such a criterion is succesfully applied to predict the roll-waves occurence, its use in mud-flows does not guarantee a correct prediction. It can be argued that since in mud-flows the instabilty conditions are often hypocritical, the downstream boundary condition plays a non-negligible role on the spatial evolution of the disturbance.
